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ABSTRACT
This paper investigates the capabilities of two
subgrid-scale (SGS) models for predicting the com-
plex flow in transitional separated bubbles. We con-
sider here the flow over a NACA 0012 airfoil at
Reynolds number Re = 5 × 104 and angles of at-
tack (AOA) AOA = 5◦ and 8◦. The SGS mod-
els investigated are: the wall-adapting eddy viscosity
model within a variational multiscale method (VMS-
WALE) and the QR model. Both are well suited for
LES in complex geometries with unstructured grids.
The models are assessed and compared to the results
of the direct numerical simulations (DNS) on the ba-
sis of first and second order statistics. Based on the
good results obtained, a more challenging simulation
is also performed at Re = 1.44 × 106 and various
AOA. It has been found that predictions of the lift
and drag coefficients agree reasonably well with ex-
perimental data.
INTRODUCTION
The advances in computational fluid dynamics to-
gether with the increasing capacity of parallel com-
puters have made possible to tackle complex turbu-
lent problems by using high performance numerical
techniques such as direct numerical simulation (DNS)
and the development of modelling techniques such as
Large-Eddy Simulation (LES) methods. DNS has a
key role for improving the understanding of the tur-
bulence phenomena and for the simulation of transi-
tional flows in complex geometries, but it is still lim-
ited to low and moderate Reynolds numbers [1, 2, 3].
Considering the necessity of the use of LES mod-
els for studying engineering flows on complex ge-
ometries, which in general can not be described with
structured grids, it is advisable to test models which
do not use the wall-unit coordinates in their definition.
In this sense, the Wall-Adapting Local-Eddy viscos-
ity model [4] within the variational multiscale method
[5] and the QR model [6] are two good recent choices
which have been not sufficiently tested yet.
In the case of flow around airfoils, flow transition
to turbulence undergoes in the initially laminar shear
layer. After separation, at low AOA, the turbulent
flow reattaches to the airfoil surface forming a bub-
ble which directly affect the airfoil efficiency. The
greater the separation bubble, the higher the loss of
lift and the increase of drag. Thus, the study of the
separation mechanism and the correct prediction of
the location of boundary layer transition are both key
aspects for improving engineering designs.
The aim of this work is to asses the performance of
LES models for predicting the flow around a NACA
0012 airfoil with angle of attacks (AOA) of 5◦ and
8◦ at Re = 5 × 104 based on the free-stream veloc-
ity (Uref ) and the chord length (C). To do so, first-
and second-order statistics obtained with LES, car-
ried out using the aforementioned subgrid-scale mod-
els (SGS) (VMS-WALE and QR models), are com-
pared with the DNS results performed at both AOA.
In addition, the performance of these models is stud-
ied in a more challenging situation atRe = 1.44×106
and AOA = 4◦, 8◦, 12◦, 14◦ by comparison with ex-
perimental data.
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MATHEMATICAL AND NUMERICAL
MODEL
The Navier-Stokes and continuity equations can be
written as
Mu = 0 (1)
∂u
∂t
+ C (u)u+ νDu+ ρ−1Gp = 0 (2)
where u ∈ R3m and p ∈ Rm are the velocity vector
and pressure, respectively (here m applies for the to-
tal number of control volumes (CV) of the discretised
domain), ν is the kinematic viscosity and ρ the den-
sity. Convective and diffusive operators in the mo-
mentum equation for the velocity field are given by
C (u) = (u · ∇) ∈ R3m×3m, D = −∇2 ∈ R3m×3m
respectively. Gradient and divergence (of a vector)
operators are given by G = ∇ ∈ R3m×m and M =
∇· ∈ Rm×3m respectively.
The governing equations have been discretised on a
collocated unstructured grid arrangement by means
of second-order spectro-consistent schemes [7]. Such
schemes are conservative, i.e. they preserve the sym-
metry properties of the continuous differential opera-
tors and ensure both, stability and conservation of the
kinetic-energy balance even at high Reynolds num-
bers and with coarse grids. For the temporal dis-
cretisation of the momentum equation (2) a two-steps
linear explicit scheme on a fractional-step method
has been used for the convective and diffusive terms,
while for the pressure gradient term an implicit first-
order scheme has been used. This methodology has
been previously used with accurate results for solv-
ing the flow over bluff bodies with massive separation
[8, 9].
The meshes used for solving the domain considered
have been generated by a constant step extrusion of
a two-dimensional (2D) unstructured grid. Under
these conditions, the spanwise coupling of the dis-
crete Poisson equation, which results from the incom-
pressibility constrain, yields circulant sub-matrices
that are diagonalizable in a Fourier space. This al-
lows to solve the Poisson equation by means of a
Fast Fourier Transform (FFT) method. The algorithm
used is based on the explicit calculation and direct
solution of a Schur Complement system for the inde-
pendent 2D systems. For more details the reader is
referred to [10].
By filtering the Navier-Stokes system of differen-
tial equations, SGS stress appears in the momentum
equations which must be modelled in order to close
the system. LES studies have been performed using
two SGS models suitable for unstructured formula-
tions: the QR model [6] and the wall-adapting local-
eddy viscosity model within a variational multiscale
formulation (VMS-WALE) [4, 5]. A brief description
of these models is given hereafter.
QR-model: It was proposed by Verstappen [6] and
is a SGS model based on the invariants of the rate-of-
strain tensor which is proposed with the following ad-
vantages compared to the classical Smagorinsky for-
mulation: i) νsgs = 0 in any laminar flow, ii) νsgs = 0
in any 2D flow, iii) νsgs ∝ y3 near a wall and iv)
νsgs → 0 when l ∝ Re
−4
3 . Further, it may be empha-
sized that the QR eddy-viscosity model is essentially
not more complicated to implement in a LES-code
than the standard Smagorinsky model (with cs con-
stant). Indeed, the QR-model is expressed in terms of
the invariants of the rate-of-strain tensor and does not
involve explicit filtering:
νsgs = (cqrl)
2 r
+
q
(3)
cqr =
1
pi
+
1
24
Sc =
1
2
[G(uc) + G
∗(uc)]
| Sc | = (2ScSc)
1/2
q =
1
4
| Sc |
2
r = −detSc
WALE model within a variational multiscale
framework: The variational multiscale (VMS) ap-
proach was originally formulated for the Smagorin-
sky model by Hughes [5] in the Fourier space, and
is a promising approach for LES of turbulent flows.
In VMS three classes of scales are considered: large,
small and unresolved scales. If a second filter with
filter length lˆ is introduced (usually called test filter),
a splitting of the scales can be performed,
f
′
= f − fˆ (4)
where following Vreman notation, f ′ is called the
small-scale component, fˆ the large-scale component
and f is the original resolved quantity. Thus, for the
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large-scale parts of the resolved uc a general govern-
ing equation can be derived,
∂uc
∂t
+ C (uc)uc + νDuc + ρ
−1
Gpc = −
∂T̂c
∂xj
−
∂Tc
′
∂xj
(5)
Inspecting Eqn. 5 it is possible to identificate T̂c as
the subgrid term in the large-scale equation and Tc
′
as the subgrid small-scale term. Now, neglecting the
effect of unresolved scales in the large-scale equation
(T̂c ≈ 0) , we only need to model the Tc′ . In our im-
plementation the small-small strategy is used in con-
junction with the WALE model [4]:
Tc
′
= −2νsSij
′
+
1
3
Tc
′
δij (6)
νsgs = (C
vms
w ∆)
2 (Vij
′
: Vij
′
)
3
2
(Sij
′
: Sij
′
)
5
2 + (Vij
′
: Vij
′
)
5
4
Sij
′
=
1
2
[G(u′c) + G
∗(u′c)]
Vij
′
=
1
2
[G(u′c)
2 + G∗(u′c)
2]−
1
3
(G(u′c)
2
I)
where Cvmsw is the equivalent of the WALE coeffi-
cient for the small-small VMS approach and in the
finite volume context its value lies in the range be-
tween 0.3 and 0.5. In our studies a value of 0.325 is
used.
PROBLEM DEFINITION AND COMPUTA-
TIONAL DOMAIN
All computed flows are around a NACA-0012 airfoil
extended to include sharp trailing edge. All coor-
dinates are referred to body axes unless remarked.
The x axis is chord-wise, y is in the plane of the
airfoil and z is spanwise direction. Solutions are
obtained in a computational domain of dimensions
40C × 40C × 0.2C with the leading edge of the
airfoil placed at (0, 0, 0) (see figure 1). Distances
from the profile to the domain boundaries have been
chosen according to previous experiences and po-
tential vortices notions. The boundary conditions
at the inflow consist of a uniform velocity profile
(u,v,w)=(Uref cosAOA, Uref sinAOA, 0). As for
the outflow boundary, a pressure-based condition is
imposed. No-slip conditions on the airfoil surface are
prescribed. Periodic boundary conditions are used in
the spanwise direction.
Figure 1: Computational domain. Blue boundary repre-
sents inflow conditions, with specified velocity and pres-
sure. Red boundary represents outflow condition.
Flow around an airfoil at low AOA is mostly lami-
nar with the exception of a zone close to the surface
of the airfoil (suction side) and in the wake of it. In
the turbulent zones the grid must be dense enough
to capture all the flow scales. Within laminar zones,
boundary layer must also be well-solved. Taking into
account that the accuracy of the results in the region
of the separated shear-layer where transition to tur-
bulence occurs is highly grid dependent, care must
be taken when the computational grid is constructed
by clustering more control volumes in this zone. An-
other critical region is the near wake of the airfoil,
where a poor grid resolution may cause notable up-
stream flow distortions. With these criteria, the gov-
erning equations are discretised on an unstructured
mesh generated by the constant-step extrusion of a
two-dimensional unstructured grid.
Table 1: Computational meshes. N2D number of con-
trol volumes in the plane; Nplanes number of planes in the
spanwise direction; NCV s total number of control vol-
umes
Name N2D Nplanes NCV s× 10−6
LES −M1 46417 16 0.74
LES −M2 149355 32 4.78
DNS − 5 263522 96 25.3
DNS − 8 280876 96 26.9
Grids used for LES and DNS are shown in the table
1. The presence of a laminar separation bubble (LSB)
and detached shear-layer on the suction side makes
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LES computations highly dependent on the mesh res-
olution. Hence, the behaviour of the two SGS mod-
els has been assessed on 2 different grids which have
been constructed trying to set more resolution near
the airfoil surface, while maintaining low the number
of cells in the outer regions.
In a-posteriori analysis of the grid sizes used for DNS
computations, the Kolmogorov length scale has been
calculated. Table 2 shows the estimated Kolmogorov
length scale and the actual grid-size used at different
positions. For the DNS − 5 mesh, the average value
of this length scale has given η/C = 1.74 · 10−3 for
the suction side region and about η/C = 2.85 · 10−3
in the near-wake (1 6 x/C 6 2). As is observed
from the Table, the grid solved has an average size of
h/C = 1.3 ·10−3 in the suction side while in the near
wake it is about h/C = 2.2 · 10−3. For DNS − 8
mesh, the average value of this length scale has given
η/C = 1.13 · 10−3 for the suction side region and
about η/C = 1.65 · 10−3 in the near-wake. Further-
more, the grid for the AOA = 8◦ has an average size
of h/C = 9.24 · 10−4 in the suction side while in
the near wake it is about h/C = 1.53 · 10−3. With
these ratios between grid-size and Kolmogorov scale,
the grid density obtained for both meshes should be
fine enough for solving the smallest flow scales in the
suction side of the airfoil and in the near wake.
Table 2: Characteristic sizes of the meshes used for DNS
at Re 5 × 104. Left: AOA = 5◦ Right: AOA = 8◦.
h = (∆2
2D ×∆z)
1/3 being ∆2D the characteristic length
in the 2D plane and ∆z CV length in the spanwise direc-
tion.
DNS − 5 DNS − 8
x y h/η x y h/η
0.40 0.063 0.87 0.15 0.057 0.90
0.60 0.058 1.10 0.30 0.083 2.61
0.80 0.040 0.59 0.30 0.066 1.40
0.80 0.100 0.26 0.60 0.066 0.63
0.95 0.020 0.61 0.80 0.066 0.61
1.05 0.000 0.82 0.95 0.025 0.54
1.20 0.100 0.38 1.05 0.000 1.34
2.00 0.000 0.78 1.20 0.070 0.87
RESULTS
For obtaining the numerical results presented, sim-
ulations have been advanced in time until statistical
stationary flow conditions have been achieved. Once
the initial transient has been washed out, results have
been obtained based on the integration of instanta-
neous data over a sufficiently long-time period. It
has been found, that the dynamics of the laminar sep-
aration bubble (LSB), even at the low AOA = 5◦
is dominated by a low-frequency (fm) with a time
scale much larger than of the vortex shedding fre-
quency. As a consequence, in order to well cap-
ture this phenomena, time integration has been fixed
to 210 vortex-shedding periods for DNS simulations,
while for LES computations it has been about 600
vortex-shedding periods.
DNS results: Instantaneous spanwise vorticity con-
tours of the flow in the separated region for the two
AOA under study are depicted in figure 2. As can
be seen from the figure, at both AOA, the flow sep-
arates laminarly from the leading edge of the airfoil.
Flow separation occurs as a consequence of the ad-
verse pressure gradient on the suction side of the air-
foil which leads to the formation of a LSB. Due to
the strong pressure gradient, disturbances in the lami-
nar separated shear-layer get amplified triggering the
transition to turbulence.
Figure 3 shows the mean pressure coefficient, Cp, of
the airfoil for both AOA obtained from DNS data. As
the AOA increases, the adverse pressure-gradient in-
creases and the flow is decelerated, which results in a
movement of the laminar separation point toward the
leading-edge increasing the height of the separated
bubble, while at the same time, the turbulent sepa-
rated region moves forward from the trailing edge.
The plateau observed in the pressure distribution is
a characteristic of the LSB. Transition to turbulence
also occurs within a shorter distance. Due to the in-
crease in the turbulent shear stress after transition, the
flow reattaches to the airfoil surface with the decrease
in the pressure coefficient after reattachment. In the
figures 2 and 3 can also be observed, that with the
increase in the AOA the bubble length decreases.
This can be also observed in the profiles of the turbu-
lent shear stresses and turbulent kinetic energy from
our simulations (not shown here). The turbulent shear
stress, which causes transport of momentum in the
boundary layer, is also responsible for the closure of
the laminar separation bubble. The high values of tur-
bulent shear stresses and turbulent kinetic energy in
the region near the reattachment are strongly related
with the vortex breakdown and turbulent transport.
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Figure 2: Instantaneous spanwise vorticity contours of the flow around a NACA 0012 at Re = 5 · 105. (top) AOA = 5◦
and (bottom) AOA = 8◦.
Figure 3: Results from DNS simulations. Pressure coeffi-
cient distribution for both AOA
-2.5
-2
-1.5
-1
-0.5
 0
 0.5
 1
 1.5
 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1
5g
8g
LES results: In table 3 the main flow characteris-
tics obtained with both models are compared with
DNS results. Both models predicts drag and lift co-
efficients with reasonable agreement even with the
coarse grid. However the length of the recirculation
bubble is better predicted with VMS-WALE model
than with QR model.
In figures 4 and 5 a comparison of the streamwise ve-
locity profiles and Reynolds stresses at different po-
sitions of the airfoil surface and wake are plotted for
both models for AOA = 8◦. The detailed compar-
ison of the local data allows to evaluate how both
SGS models are performing. Although both models
approach to DNS results, it is observed that VMS-
WALE model presents a better trend as the mesh is
refined. This is specially true for the higher AOA.
This case is more challenging with a largest vortex
breakdown region and higher turbulence intensities.
Largest differences are observed in the transitional
region, as both models overpredict the reattachment
location.
Table 3: Aerodynamic coefficients for the DNS and LES
cases. Re = 5 · 104.
Case cL cD xsep xreat
AOA = 5◦
DNS 0.569 0.0291 0.0645 0.566
VMS-LES-M1 0.582 0.0248 0.140 0.571
VMS-LES-M2 0.561 0.0242 0.117 0.548
QR-LES-M1 0.586 0.0369 0.156 0.700
QR-LES-M2 0.565 0.0252 0.117 0.607
AOA = 8◦
DNS 0.759 0.0497 0.0241 0.320
VMS-LES-M1 0.784 0.0536 0.0847 0.392
VMS-LES-M2 0.750 0.0460 0.0546 0.386
QR-LES-M1 0.805 0.0510 0.119 0.490
QR-LES-M2 0.760 0.0517 0.0833 0.418
Considering both, the integral quantities of table 3
and the local profiles of figure 5, QR model is less
accurate than VMS-WALE with the coarser mesh.
This behaviour may be related to an excessive dissi-
pation at the large scales of the flow. This dissipation
is always present but it is more apparent on coarser
meshes. On the other hand, the scale separation of
the VMS methodology prevents the model to alter the
larger scales of the flow, allowing the VMS-WALE to
predict quite accurate the general behavior of the flow
even with very coarse meshes. However, as the mesh
7th International Conference on Computational Heat and Mass Transfer
is refined both models yield similar results.
Yet, LES results present largest differences on the
prediction of the LSB size. Thus, a better mesh re-
finement strategy have to be done at this zone, since
all the models give νsgs = 0 in the LSB area. Analyz-
ing DNS meshes it is very clear that for the laminar
zone of the flow, a quasi DNS mesh is needed. On the
other hand, after the reattachment, LES models cap-
ture well all the turbulent features of the flow without
problems. Thus, in future works, a local refinement
strategy in order to reduce the errors of the reattach-
ment location will we used, increasing the spacial res-
olution only in the laminar zones of the flow.
Figure 4: LES results obtained with VMS-WALE model. Comparison with DNS data at AOA = 8◦ at different positions
of the airfoil surface and wake.
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Figure 5: LES results obtained with QR model. Comparison with DNS data at AOA = 8◦ at different positions of the
airfoil surface and wake.
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Challenging LES: Stall on airfoils is caused by mas-
sive separation of the flow leading to a sharp drop in
the lift and an increase in the drag over the airfoil sur-
face. NACA 0012 airfoil exhibits two types of stall.
A trailing-edge stall at all Reynolds numbers and a
combined leading-edge/trailing-edge stall at interme-
diate Reynolds number. The latter shows the com-
bined presence at stall of a turbulent boundary layer
separation moving forward from the trailing-edge and
a small laminar bubble in the leading-edge region fail-
ing to reattach which complete the flow breakdown.
Thus, it is of interest to test the capability of LES
models to deal with these complex physics.
Figure 6: Lift coefficient at different AOA. Comparison
with experimental data from different sources
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The selected Reynolds number to asses the perfor-
mance of LES models is Re = 1.44 × 106 with
AOA = 4◦, 8◦, 12◦, 14◦. Similar to the previous sec-
tion, the three-dimensional (3D) physical domain of
the simulation consist of 40C× 40C × 0.2C with the
airfoil at its center. Simulations have been performed
on unstructured grids of 149355 × 32 planes. Notice
that the same mesh have been used for all the different
AOA.
Figure 7: Drag coefficient at different AOA. Comparison
with experimental data from different sources
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LES results have been compared with correlated ex-
perimental data which was obtained in more than
40 wind tunnels [11]. However, these correlations
are not suitable when laminar separation bubble are
presented in the profile. Thus, for these cases ex-
perimental data from Gregory and C. L. O’Reilly at
Re = 1.44 · 106 [12] and Sheldahl and Klimas at
Re = 2 · 106 [13] will be used in the assessment of
the models.
Lift and drag coefficients at different AOA obtained
with both models are depicted in figures 6 and 7.
These results are quite satisfactory considering the
grids used. For the higher AOA, errors in the drag co-
efficient prediction are the largest, as near stall and in
stall massive separation occur and finer grids would
be required. The influence of grid refinement into
drag coefficient will be investigated in the future, con-
sidering local refinement in the leading-edge region
for predicting well the laminar separation bubble that
appears near this zone of the airfoil during stall.
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CONCLUSIONS
Numerical simulations of the flow over a NACA 0012
airfoil at Re = 5 × 104 and angles of attack of
AOA = 5◦, 8◦ have been performed. Both cases ex-
hibit laminar separation and transition to turbulence
in the separated shear-layer.
A second-order spectro-consistent scheme for collo-
cated and unstructured grids has been used in the dis-
cretisation of the governing equations. The conser-
vation properties ensure good stability and conserva-
tion of the kinetic-energy balance with coarse meshes
even at high Reynolds numbers. All the results have
been computed on unstructured grids generated by
the constant-step extrusion of a two-dimensional un-
structured grid. For solving the Poisson equation,
which arises from the incompressibility constrain a
Fourier diagonalization method which takes advan-
tage of the homogeneity of our discretisation in the
spanwise direction has been used. The methodology
developed for solving bluff bodies using unstructured
grids has allowed to accurately solve the flow with
very good results.
The performance of two subgrid-scale models, the
wall-adapting local-eddy viscosity model within the
variational multiscale method (VMS-WALE) and the
QR model have been assessed by means of the direct
comparison with DNS data. Both models performs
quite well being capable of predicting separation and
transition to turbulence, as well as the fully developed
turbulence in the wake. In addition, a more challeng-
ing case for LES models at a higher Reynolds num-
ber of Re = 1.44 × 106 and different AOA has been
also carried out. Lift coefficient is predicted within
an acceptable error considering the grids used. For
the higher AOA, errors in the drag coefficient predic-
tion are the largest, as near stall and in stall massive
separation occur and finer grids would be required.
The influence of grid refinement into drag coefficient
will be investigated in the future, considering finer
grids for predicting well the laminar separation bub-
ble that appears near the leading-edge of the airfoil
during stall.
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